By using the variational minimizing method and the saddle point theorem, the periodic solutions for non-autonomous second-order discrete Hamiltonian systems are considered. The results obtained in this paper complete and extend previous results.
Introduction and main results
Consider the second-order discrete Hamiltonian system  u(n -) = ∇F n, u(n) , (.) where  u(n) = ( u(n)) and ∇F(n, x) denotes the gradient of F with respect to the second variable. F satisfies the following assumption: (A) F(n, x) ∈ C  (R N , R) for any n ∈ Z, F(n + T, x) = F(n, x) for (n, x) ∈ Z × R N , T is a positive integer. Since Guo and Yu developed a new method to study the existence and multiplicity of periodic solutions of difference equations by using critical point theory (see [-] ), the existence and multiplicity of periodic solutions for system (.) have been extensively studied and lots of interesting results have been worked out; see [-] and the references therein. System (.) is a discrete form of classical second-order Hamiltonian systems, which has been paid much attention to by many mathematicians in the past  years; see [-] for example.
In particular, when the nonlinearity ∇F(n, In this paper, we will further investigate periodic solutions to the system (.) under the conditions of (.) or (.). Our main results are the following theorems.
, where F  and F  satisfy (A) and the following conditions:
Then system (.) has at least one T-periodic solution.
, where F  and F  satisfy (A), (), (), and the following conditions:
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Theorem . Suppose that F = F  + F  , where F  and F  satisfy (A), (), and the following conditions:
where β = log λ (μ). Then system (.) has at least one T-periodic solution.
Remark . Theorems .-. extend some existing results. On the one hand, we decomposed the potential F into F  and F  . On the other hand, if F  = , the theorems in [], Theorems  and , are special cases of Theorem . and Theorem ., respectively. Some examples of F are given in Section , which are not covered in the references. Moreover, our Theorem . is a new result.
Some important lemmas
H T can be equipped with the inner product
by which the norm · can be induced by
By (A), it is easy to see that is continuously differentiable, and the critical points of are the T-periodic solutions of system (.).
The following lemma is a discrete form of Wirtinger's inequality and Sobolev's inequality (see [] ). 
Proof of theorems
For convenience, we denote
From () and Lemma ., for any u ∈ H T , one has
From () and Lemma ., for any u ∈ H T , we have
going if necessary to a subsequence, we can assume that {u k } converges to some u  ∈ H T . Because of ϕ is continuously differentiable on H T , one has ϕ(u  ) = inf ϕ and ϕ (u  ).
Obviously, u  ∈ H T is a T-periodic solution of system (.).
Proof of Theorem . Step . To prove ϕ satisfies the (PS) condition. Suppose that u k is a (PS) sequence, that is,
In the same way as (.), for any u ∈ H T , one has
Hence, we have
for all large k.
By Lemma ., one has
where
and then
where  < C  < +∞. From Theorem ., one has
Combining the boundedness of {ϕ(u k )} and (.)-(.), one has
In view of H T is finite dimensional Hilbert space, ϕ satisfies the (PS) condition.
Step . LetH T = {u ∈ H T :ū = }. We show that, for u ∈H T ,
From () and Lemma ., one has
In view of Lemma ., u → +∞ inH T if and only if (
Step . By (), for all u ∈ (H T ) ⊥ = R N , one has
Above all, all conditions of Lemma . are satisfied. So, by Lemma ., system (.) has at least one T-periodic solution.
Proof of Theorem
Similar to (.), we have
By () and Lemma ., one has
So, for any u ∈ H T , we have
Therefore, ϕ(u) → +∞ as u → +∞ due to the choice of a  and r <  T  - . The rest is similar to the proof of Theorem ..
Proof of Theorem . First, we prove that ϕ satisfies the (PS) condition. Suppose that {u k } ⊂ H T is a (PS) sequence of ϕ, that is, ϕ (u k ) →  as k → ∞ and {ϕ(u k )} is bounded.
By (), there exists a
By the (λ, μ)-subconvexity of G(x), we have
For large k, according to (.) and (.) we have
By (.) and (.), one has
By the choice of a  , -∞ < C  < . By (.), we have
where C  > . By () and (.), for any u ∈ H T , we get
Combining the boundedness of {ϕ(u k )} and (.)-(.), one has
Combining (.) and the above inequality, we see that {|ū|} is bounded. By (.), {u k } is bounded. Since H T is a finite dimensional Hilbert space, ϕ satisfies the (PS) condition.
Similar to the proof of Theorem ., all conditions of Lemma . are satisfied. So, the proof of Theorem . is completed.
Examples
In this section, we give some examples to illustrate our results.
It is easy to see that
Thus, (), () hold with α = /, γ = /, and
So, we have
On the other hand, one has
If T ∈ {, , , , , }, we can choose ε >  such that
So, () holds. By Theorem ., system (.) has at least one T-periodic solution. 
